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We consider non-Abelian SU(3) Proca theory with a Higgs scalar field included. Cylindrically
symmetric solutions describing classical tubes either with the flux of a longitudinal electric field
or with the energy flux (and hence with nonzero momentum density) are obtained. It is shown
that, in quantum Proca theory, there can exist tubes both with the flux of the longitudinal electric
field and with the energy flux/momentum density simultaneously. An imaginary particle – Proca
proton – in which ‘quarks’ are connected by tubes with nonzero momentum density is considered.
It is shown that this results in the appearance of the angular momentum related to the presence of
the non-Abelian electric and magnetic fields in the tube, and this angular momentum is a part of
the Proca proton spin.
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I. INTRODUCTION
In recent years there is a growing interest in modelling systems containing various massive vector fields. Such fields
are described within gauge Proca theories (both Abelian and non-Abelian ones) where the gauge invariance is violated
explicitly by introducing a mass term. Being the generalization of Maxwell’s theory, Proca theory permits one to
take into account various effects related to the possible presence of the mass of vector particles. At the present time,
Proca fields are used in different aspects: in constructing models of black holes [1], hypothetical Proca stars [2–5], in
studying the generalized Proca theories [6–8] and solitons [9], in describing the massive spin-1 Z0 and W± bosons in
the standard model [10], in considering various effects related to the possible presence of the rest mass of a photon [11],
and within dark matter physics [12].
When considering configurations containing Proca fields, the main efforts have been focused on studying spherically
symmetric solutions. However, a consideration of cylindrically symmetric systems seems to be of interest as well. In
particular, cylindrically symmetric localized regular solutions (the so-called ‘Proca Q tubes’) have been found in
Ref. [13].
The next natural step in this direction is to generalize systems containing Proca fields by including extra fields in
them. For example, for a spherically symmetric case, in Proca theories involving some extra fields, there can occur
topologically trivial monopoles with an exponentially decaying radial magnetic field [14]. In the present paper we
show that, in non-Abelian Proca theories containing a Higgs scalar field, there exist cylindrically symmetric solutions
describing tubes filled with color electric and magnetic fields. The distinctive feature of these tubes is that they
can contain either the flux of the longitudinal electric field sourced by ‘quarks’ located at ±∞ or the energy flux
associated with the presence of nonzero Poynting vector (and hence a nonzero momentum density). [Henceforth, by
‘quarks’ (in quotation marks) we mean the sources of non-Abelian Proca fields, analogous to what is done in quantum
chromodynamics for Yang-Mills fields and real quarks.]
The paper is organized as follows. In Sec. II, we write down the general field equations for the non-Abelian-Proca-
Higgs theory. In Sec. III, we obtain cylindrically symmetric solutions to the equations of Sec. II describing tubes
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2which contain either the flux of the electric field or the energy flux (and hence the momentum density). In Sec. IV,
we present some qualitative arguments in favor of the fact that, in quantum Proca theory, there can exist tubes
containing simultaneously both the flux of the longitudinal electric field and the energy flux/momemtum density. In
Sec. V, we show that tubes with nonzero momentum density connecting three ‘quarks’ in a Proca proton do create
the angular momentum that is a part of the Proca proton spin. Finally, in Sec. VI, we summarize the results obtained
in the present paper.
II. NON-ABELIAN-PROCA-HIGGS THEORY
The Lagrangian describing a system consisting of a non-Abelian SU(3) Proca field Aaµ interacting with nonlinear
scalar field φ can be taken in the form (hereafter, we work in units such that c = ~ = 1)
L = −1
4
F aµνF
aµν −
(
µ2
)ab,µ
ν
2
AaµA
bν +
1
2
∂µφ∂
µφ+
λ
2
φ2AaµA
aµ − Λ
4
(
φ2 −M2)2 . (1)
Here F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν is the field strength tensor for the Proca field, where fabc are the SU(3)
structure constants, g is the coupling constant, a, b, c = 1, 2, . . . , 8 are color indices, µ, ν = 0, 1, 2, 3 are spacetime
indices. The Lagrangian (1) also contains the arbitrary constants M,λ,Λ and the Proca field mass matrix
(
µ2
)ab,µ
ν
.
Using (1), the corresponding field equations can be written in the form
DνF
aµν − λφ2Aaµ = − (µ2)ab,µ
ν
Abν , (2)
φ = λAaµA
aµφ+ Λφ
(
M2 − φ2) , (3)
and the energy density is
ε =
1
2
(Eai )
2
+
1
2
(Hai )
2 −
[(
µ2
)ab,α
0
AaαA
b
0 −
1
2
(
µ2
)ab,α
β
AaαA
bβ
]
+
1
2
(∂tφ)
2
+
1
2
(∇φ)2
+ λφ2
[
(Aa0)
2 − 1
2
AaαA
aα
]
+
Λ
4
(
φ2 −M2)2 , (4)
where i = 1, 2, 3 and Eai and H
a
i are the components of the electric and magnetic field strengths, respectively.
III. PROCA FLUX TUBES WITH THE ENERGY FLUX (MOMENTUM DENSITY) AND THE FLUX
OF THE ELECTRIC FIELD
The focus of this section is on obtaining and solving equations for two different types of flux tubes containing either
the flux of the electric field or the energy flux (and hence the momentum density).
A. Proca tube with the flux of the longitudinal electric field
To obtain a tube filled with a longitudinal color electric field, we choose the Ansa¨tze
A2t =
h(ρ)
g
, A5z =
v(ρ)
g
, A7ϕ =
ρw(ρ)
g
, φ = φ(ρ), (5)
where ρ, z, and ϕ are cylindrical coordinates. For such a choice of the SU(3) Proca field potentials, we have the
following electric and magnetic field intensities:
E2ρ = −
h′
g
, E5ϕ = −
ρhw
2g
, E7z =
hv
2g
,
H2ρ = −
vw
2g
, H5ϕ = −
ρv′
g
, H7z =
1
g
(
w′ +
w
ρ
)
.
3In this case the energy flux is absent, since the Poynting vector is zero,
Si =
ǫijk√
γ
EajH
a
k = 0. (6)
Here, ǫijk is the completely antisymmetric Levi-Civita symbol and γ is the determinant of the space metric. For such
a tube, the energy density (4) yields
g2ε =
(h′)
2
2
+
(v′)
2
2
+
1
2
(
w′ +
w
ρ
)2
+ g2
(φ′)
2
2
+
1
8
(
w2h2 + w2v2 + h2v2
)− µ21
2
h2 − µ
2
2
2
v2 − µ
2
3
2
w2
+
λ
2
φ2
(
h2 + v2 + w2
)
+
g2Λ
4
(
φ2 −M2)2 (7)
with the following components of the Proca field mass matrix: µ21 =
(
µ2
)22,t
t
, µ22 =
(
µ2
)55,z
z
, and µ23 =
(
µ2
)77,ϕ
ϕ
.
Substituting the potentials (5) in Eqs. (2) and (3) and introducing the dimensionless variables φ˜ = φ
√
λ/φ(0),
h˜ = h/φ(0), v˜ = v/φ(0), w˜ = w/φ(0), M˜ = M
√
λ/φ(0), λ˜ = λ/g2, Λ˜ = Λ/λ, µ˜1,2,3 = µ1,2,3/φ(0), and x = ρφ(0) [here
φ(0) is the central value of the scalar field], we get the following set of equations:
h˜′′ +
h˜′
x
= h
(
v˜2
4
+
w˜2
4
+ φ˜2 − µ˜21
)
, (8)
v˜′′ +
v˜′
x
= v
(
− h˜
2
4
+
w˜2
4
+ φ˜2 − µ˜22
)
, (9)
w˜′′ +
w˜′
x
− w˜
x2
= w˜
(
− h˜
2
4
+
v˜2
4
+ φ˜2 − µ˜23
)
, (10)
φ˜′′ +
φ˜′
x
= φ˜
[
λ˜
(
−h˜2 + v˜2 + w˜2
)
+ Λ˜
(
φ˜2 − M˜2
)]
. (11)
Here, the prime denotes differentiation with respect to the dimensionless radius x. We seek a solution to Eqs. (8)-(11)
in the vicinity of the origin of coordinates in the form
h˜(x) = h˜0 + h˜2
x2
2
+ . . . with h˜2 =
h˜0
2
(
v˜20
4
+ φ˜20 − µ˜21
)
,
v˜(x) = v˜0 + v˜2
x2
2
+ . . . with v˜2 =
v˜0
2
(
− h˜
2
0
4
+ φ˜20 − µ˜22
)
,
w˜(x) = w˜1x+ w˜3
x3
3!
+ . . . with w˜3 =
3
4
w˜1
(
− h˜
2
0
4
+
v˜20
4
+ φ˜20 − µ˜23
)
,
φ˜(x) = φ˜0 + φ˜2
x2
2
+ . . . with φ˜2 =
φ˜0
2
[
λ˜
(
−h˜20 + v˜20
)
+ Λ˜
(
φ˜20 − M˜2
)]
,
where the expansion coefficients h˜0, v˜0, φ˜0, and w˜1 are arbitrary.
The derivation of solutions to the set of equations (8)-(11) is an eigenvalue problem for the parameters µ˜1, µ˜2, µ˜3,
and M˜ . The numerical solution describing the behavior of the Proca field potentials and of the corresponding electric
and magnetic fields is given in Figs. 1-4.
The asymptotic behavior of the functions h˜, v˜, w˜, and φ˜, which follows from Eqs. (8)-(11), is
h˜(x) ≈ h˜∞ e
−x
√
M˜2−µ˜2
1√
x
, v˜(ρ) ≈ v˜∞ e
−x
√
M˜2−µ˜2
2√
x
, w˜(ρ) ≈ w˜∞ e
−x
√
M˜2−µ˜2
3√
x
, φ˜ ≈ M˜ − φ˜∞ e
−x
√
2Λ˜M˜2
√
x
,
where h˜∞, v˜∞, w˜∞, and φ˜∞ are integration constants.
This flux tube solution has the following characteristics:
• All physical quantities, such as the Proca field potentials, the electric and magnetic field intensities, and the
energy density, are finite.
4FIG. 1: The graphs of the Proca field potentials h˜ ≡ gA2t/φ(0),
v˜ ≡ gA5z/φ(0), w˜ ≡ gA
7
ϕ/x and of the scalar field φ˜ for
the following values of the system parameters: λ˜ = 2, Λ˜ =
0.1, h˜0 = 0.2, v˜0 = 0.5, φ˜0 = 1, w˜1 = 0.1, M˜ = 1.5520735, µ˜1 =
1.29428281, µ˜2 = 1.28105328, µ˜3 = 1.469883.
FIG. 2: The profile of the dimensionless flux tube energy den-
sity ε˜ ≡ g2ε/φ4(0) from Eq. (7) rewritten in terms of the di-
mensionless variables given before Eq. (8).
FIG. 3: The profiles of the color electric fields E˜2ρ ≡
gE2ρ/φ
2(0), E˜5ϕ ≡ gE
5
ϕ/φ(0), and E˜
7
z ≡ gE
7
z/φ
2(0).
FIG. 4: The profiles of the color magnetic fields H˜2ρ ≡
gH2ρ/φ
2(0), H˜5ϕ ≡ gH
5
ϕ/φ(0), and H˜
7
z ≡ gH
7
z/φ
2(0).
• The tube contains the finite flux of the longitudinal color electric field E7z ,
Φz = 2π
∞∫
0
ρE7zdρ <∞.
• The tube possesses the finite linear energy density,
E = 2π
∞∫
0
ρ ε(ρ)dρ <∞.
Thus in this section we have demonstrated that there are cylindrically symmetric solutions within the non-Abelian-
Proca-Higgs theory. These solutions describe a tube with the flux of the longitudinal color electric field, and this field
is sourced by ‘quarks’/‘antiquarks’ located at z = ±∞.
B. Proca tube with the energy flux/momentum density
Here, we choose the Ansa¨tze
A5t =
f(ρ)
g
, A5z =
v(ρ)
g
, A7ϕ =
ρw(ρ)
g
, φ = φ(ρ), (12)
5which give the following components of the electric and magnetic field intensities:
E2ϕ =
ρfw
2g
, E5ρ = −
f ′
g
, (13)
H2ρ = −
vw
2g
, H5ϕ = −
ρv′
g
, H7z =
1
g
(
w′ +
w
ρ
)
. (14)
In this case the Poynting vector (6) is already nonzero [see Eq. (25) below].
Substituting the potentials (12) in Eqs. (2) and (3) and using the dimensionless variables given before Eq. (8), we
derive the following equations:
f˜ ′′ +
f˜ ′
x
= f˜
(
w˜2
4
+ φ˜2 − µ˜21
)
, (15)
v˜′′ +
v˜′
x
= v˜
(
w˜2
4
+ φ˜2 − µ˜22
)
, (16)
w˜′′ +
w˜′
x
− w˜
x2
= w˜
(
− f˜
2
4
+
v˜2
4
+ φ˜2 − µ˜23
)
, (17)
φ˜′′ +
φ˜′
x
= φ˜
[
λ˜
(
−f˜2 + v˜2 + w˜2
)
+ Λ˜
(
φ˜2 − M˜2
)]
, (18)
where f˜ = f/φ(0).
This set of equations has a cylindrically symmetric solution describing a tube with nonzero momentum density and
energy flux (the Poynting vector). To demonstrate this, let us consider the simplest particular case where f˜ = v˜ and
µ˜1 = µ˜2 = µ˜. In this case the set of equations (15)-(18) is split as follows. Eq. (15) takes the form of the Schro¨dinger
equation,
− f˜ ′′ − f˜
′
x
+ f˜Uf˜ ,eff = µ˜
2f˜ , (19)
where the effective potential for the “wave function” f˜ is
Uf˜ ,eff =
w˜2
4
+ φ˜2. (20)
In order to ensure a regular solution of this equation, it is necessary that the effective potential would possess a well.
In this case Eq. (19) must be solved as an eigenvalue problem for the parameter µ˜2 with the eigenfunction f˜ .
The remaining equations (17) and (18) for the functions w˜ and φ˜ are then
−w˜′′ − w˜
′
x
+ w˜Uw˜,eff = µ˜
2
3w˜, (21)
φ˜′′ +
φ˜′
x
= φ˜
[
λ˜w˜2 + Λ˜
(
φ˜2 − M˜2
)]
, (22)
and they do not already contain the function f˜ . The effective potential, which appears in Eq. (21), is
Uw˜,eff =
1
x2
+ φ˜2. (23)
The equation (21) has the form of the Schro¨dinger equation with the “wave function” w˜ and with the “energy” µ˜23.
This means that it will have a regular solution only if the effective potential Uw˜,eff possesses a well. Note also that
in the limit x → 0 the effective potential Uw˜,eff → 1/x2, i.e., it is repulsive and hence the “fall of a particle to the
centre” is certainly absent.
We will seek regular solutions possessing a finite linear energy density. This means that asymptotically (as x→∞)
the functions behave as f˜(x), v˜(x), w˜(x) → 0. Then, taking into account the positiveness of the effective potentials
(20) and (23), one can conclude that the function φ˜ must go to a constant, and Eq. (22) implies that this constant is
M˜ , i.e., φ˜→ M˜ as x→∞.
6We seek solutions of Eqs. (19), (21), and (22) in the vicinity of the origin of coordinates in the form
f˜(x) = f˜0 + f˜2
x2
2
+ . . . with f˜2 =
f˜0
2
(
φ˜20 − µ˜2
)
,
w˜(x) = w˜1x+ w˜3
x3
3!
+ . . . with w˜3 =
2
3
w˜1
(
φ˜20 − µ˜23
)
,
φ˜(x) = φ˜0 + φ˜2
x2
2
+ . . . with φ˜2 =
φ˜0
2
Λ˜
(
φ˜20 − M˜2
)
,
where the expansion coefficients f˜0, φ˜0, and w˜1 are arbitrary.
In turn, the asymptotic behavior of the functions is
f˜(x) = v˜(x) ≈ f∞ e
−x
√
M˜2−µ˜2
√
x
, w˜(x) ≈ w˜∞ e
−x
√
M˜2−µ˜2
3√
x
, φ˜ ≈ M˜ − φ˜∞ e
−x
√
2Λ˜M˜2
√
x
,
where f∞, w˜∞, and φ˜∞ are integration constants.
The results of numerical calculations are shown in Figs. 5-8, including the graph for the dimensionless energy density
ε˜ ≡ g
2
φ4(0)
ε =
(
f˜ ′
)2
2
+
(v˜′)
2
2
+
1
2
(
w˜′ +
w˜
x
)2
+
1
λ˜
(
φ˜′
)2
2
+
w˜2
8
(
f˜2 + v˜2
)
− µ˜
2
1
2
f˜2 − µ˜
2
2
2
v˜2 − µ˜
2
3
2
w˜2
+
φ˜2
2
(
f˜2 + v˜2 + w˜2
)
+
Λ˜
4λ˜
(
φ˜2 − M˜2
)2 (24)
given in Fig. 6.
Substitution of the components of electric and magnetic fields (13) and (14) in Eq. (6) yields the following expression
for the Poynting vector:
Sz =
1
g2
(
df
dρ
dv
dρ
+
1
4
fvw2
)
=
φ4(0)
g2
(
f˜ ′v˜′ +
1
4
f˜ v˜w˜2
)
=
φ4(0)
g2
S˜z. (25)
Note the presence of the gradient term f˜ ′v˜′, which is the same as that in Maxwell’s electrodynamics, and of the
nonlinear term f˜ v˜w˜2/4, which appears because the Proca field is non-Abelian.
The flux tube solution obtained in this section has the following characteristics:
• All physical quantities (the Proca electric and magnetic field potentials and intensities, the energy density, the
momentum density, and the energy flux) are finite.
• The tube contains a finite linear energy flux directed along the tube and computed as
Πz = 2π
∞∫
0
ρSz(ρ)dρ <∞.
• Since the linear momentum density ~P is proportional to the linear energy flux, ~P = ~Π, the tube also contains
the z-component of the linear momentum density Pz = Πz .
• In the tube, there is the finite flux of the longitudinal color magnetic field H7z ,
Φz = 2π
∞∫
0
ρH7zdρ <∞.
• The tube possesses the finite linear energy density,
E = 2π
∞∫
0
ρε(ρ)dρ <∞.
Thus in this section we have shown that, in the non-Abelian-Proca-Higgs theory, there exist cylindrically symmetric
solutions describing a tube possessing the energy flux (and hence the momentum density) between ‘quark’ and
’antiquark’ located at z = ±∞.
7FIG. 5: The graphs of the functions w˜, φ˜, and f˜ for the follow-
ing values of the system parameters: λ˜ = 2, Λ˜ = 0.1, φ˜0 =
1, w˜1 = 0.2, f˜0 = 1, M˜ = 1.42141, µ˜ = 1.0876563, µ˜3 =
1.206829.
FIG. 6: The profiles of the z-component of the Poynting vector
S˜z from Eq. (25) and of the energy density ε˜ from Eq. (24).
FIG. 7: The profiles of the color electric fields E˜2ϕ ≡ gE
2
ϕ/φ(0)
and E˜5ρ ≡ gE
5
ρ/φ
2(0).
FIG. 8: The profiles of the color magnetic fields H˜2ρ ≡
gH2ρ/φ
2(0), H˜5ϕ ≡ gH
5
ϕ/φ(0), and H˜
7
z ≡ gH
7
z/φ
2(0).
IV. PROCA FLUX TUBES WITH A CLASSICAL (QUANTUM) FLUX OF THE ELECTRIC FIELD
AND QUANTUM (CLASSICAL) ENERGY FLUX/MOMENTUM DENSITY
In Sec. III, we have shown that, within the non-Abelian-Proca-Higgs theory, there are two different types of tubes.
The tubes of the first type contain the flux of the longitudinal color electric field between ‘quarks’ located at ±∞,
but there is no energy flux (and hence the momentum density). The tubes of the second type contain the energy
flux/momentum density, but a flux of the longitudinal color electric field is absent.
In this connection, the natural question arises as to whether a tube possessing simultaneously both the flux of the
longitudinal electric field and the energy flux/momentum density does exist within classical non-Abelian-Proca-Higgs
theory? It seems to us that solutions describing such tubes are absent in classical theory, but apparently they might
exist in quantum non-Abelian-Proca-Higgs theory. In this section we give arguments in favor of such a point of view.
In Sec. III A, we have shown that, in having the Proca field potentials A2t , A
5
z, and A
7
ϕ given in the form (5), one can
obtain the longitudinal electric field E7z (and hence the flux of this field between ‘quarks’ which is needed to ensure
confinement) that occurs due to the nonlinearity of the field intensity tensor. Similarly, in Sec. III B, we have shown
that, in having the Proca field potentials A5t , A
5
z , and A
7
ϕ given in the form (12), the energy flux/momentum density
is present due to the appearance of the electric and magnetic fields E2ϕ, H
2
ρ and E
5
ρ , H
5
ϕ which are perpendicular to
each other. A comparison of these two Ansa¨tze leads to the conclusion that for the simultaneous existence of the flux
of the longitudinal electric field and of the energy flux/momentum density one needs the potentials A2t , A
5
t , A
5
z, and
A7ϕ.
We suppose that this can be done in two different ways, but only in quantum Proca theory.
8A. Tube with a classical flux of the longitudinal electric field and quantum energy flux/momentum density
Here, the potentials are 〈
Aˆ2t
〉
6= 0,
〈
Aˆ5z
〉
6= 0,
〈
Aˆ7ϕ
〉
6= 0,
〈
Aˆ5t
〉
= 0,
where 〈. . .〉 denotes the quantum average. In this case, to describe the behavior of the quantum average of Aˆ2t , Aˆ5z,
and Aˆ7ϕ, one can approximately use Eqs. (8)-(11).
Then, according to the definition of the Poynting vector (6), there is the following quantum average:〈
Ŝz
〉
=
1√
γ
(〈
Ê2ϕĤ
2
ρ
〉
+
〈
Ê5ρĤ
5
ϕ
〉)
=
〈
f̂ ′v̂′
〉
+
1
4
〈
fˆ vˆwˆ2
〉
. (26)
Here, for brevity, we use the same designations as those given in (5) and (12):
Aˆ2t =
hˆ
g
, hˆ =
〈
hˆ
〉
+ δ̂h,
〈
δ̂h
〉
= 0, (27)
Aˆ5z =
vˆ
g
, vˆ = 〈vˆ〉+ δ̂v,
〈
δ̂v
〉
= 0, (28)
Aˆ7ϕ =
ρwˆ
g
, wˆ = 〈wˆ〉+ δ̂w,
〈
δ̂w
〉
= 0, (29)
Aˆ5t =
fˆ
g
,
〈
fˆ
〉
= 0. (30)
According to (28)-(30), the quantum average in (26) can be written in the form〈
f̂ ′v̂′
〉
=
〈
f̂ ′ δ̂v′
〉
, (31)〈
fˆ vˆwˆ2
〉
≈
〈
fˆ δ̂v
〉
〈wˆ〉2 . (32)
In classical Proca theory, according to Sec. III B and Eqs. (15)-(18), the functions f and v are interrelated. It is
evident that, in quantum theory, this interrelation persists in the sense that the correlation of quantum fluctuations
of the operators fˆ and δ̂v [the Green function Gf,δv(x1, x2) =
〈
fˆ(x1)δ̂v(x2)
〉
] will be nonzero,
Gf,δv(ρ, ρ) =
〈
fˆ(ρ) δ̂v(ρ)
〉
6= 0.
Correspondingly, the Green function (31) will then also be nonzero. Using Eq. (26), the momentum density takes the
form 〈
P̂ z
〉
≈
〈
f̂ ′ δ̂v′
〉
+
1
4
〈
fˆ δ̂v
〉
〈wˆ〉2 , (33)
and it is nonzero. Notice that the energy flux (26) and the momentum density (33) are of a purely quantum nature.
Thus in this section we have shown that, in quantum Proca theory, there exists a tube with the classical flux of the
longitudinal electric field, sourced by ‘quarks’ located at ±∞, and with the quantum energy flux/momentum density.
B. Tube with classical energy flux/momentum density and a quantum flux of the longitudinal electric field
For this case, we need the following potentials:〈
Aˆ2t
〉
= 0,
〈
Aˆ5z
〉
6= 0,
〈
Aˆ7ϕ
〉
6= 0,
〈
Aˆ5t
〉
6= 0.
Then, to describe the behavior of the quantum average of the potentials Aˆ5t , Aˆ
5
z, and Aˆ
7
ϕ , one can approximately use
Eqs. (15)-(18).
9In having these potentials, we can obtain the operator of longitudinal electric field needed for the existence of
confinement in the form
Eˆ7z =
1
2
Aˆ2t Aˆ
5
z =
1
2g
hˆvˆ. (34)
Here, analogous to what was done in Sec. IVA, we employ the following designations:
Aˆ2t =
hˆ
g
,
〈
hˆ
〉
= 0, (35)
Aˆ5t =
fˆ
g
, fˆ =
〈
fˆ
〉
+ δ̂f ,
〈
δ̂f
〉
= 0, (36)
Aˆ5z =
vˆ
g
, vˆ = 〈vˆ〉+ δ̂v,
〈
δ̂v
〉
= 0, (37)
Aˆ7ϕ =
ρwˆ
g
, wˆ = 〈wˆ〉+ δ̂w,
〈
δ̂w
〉
= 0. (38)
According to Eqs. (35) and (36), the quantum average in (34) can be written in the form〈
Eˆ7z
〉
=
1
2g
〈
hˆ δ̂v
〉
.
Arguments similar to those given in Sec. IVA concerning the relationship between the operators of the potentials
Aˆ2t = hˆ/g and Aˆ
5
z = vˆ/g which follow from Eqs. (15)-(18) can be applied to obtain a Green function describing the
quantum correlation between the operators Aˆ2t and Aˆ
5
z,
Gh,δv(ρ, ρ) =
〈
hˆ(ρ) δ̂v(ρ)
〉
6= 0.
Thus the expression for the quantum average of the flux of the longitudinal electric field (34) takes the form
〈
Φˆz
〉
= 2π
∞∫
0
ρ
〈
Eˆ7z
〉
dρ =
π
g
∞∫
0
ρ
〈
hˆ δ̂v
〉
dρ <∞,
and it is nonzero. Note that this flux between ‘quarks’ located at ±∞ is of a purely quantum nature.
Thus in this section we have shown that
• In quantum Proca theory, there can exist tubes possessing simultaneously both the energy flux/momentum
density and the flux of the longitudinal electric field.
• There are two types of such tubes:
– Tubes with (almost) classical flux of the longitudinal electric field and quantum energy flux/momentum
density.
– Tubes with (almost) classical energy flux/momentum density and a quantum flux of the longitudinal electric
field.
In the next section, we will show that the presence of tubes between ‘quarks’ in a Proca proton results in the fact
that the Proca proton spin includes a contribution from the momentum density of the Proca field containing inside
such tubes. Note that by the Proca proton we mean a hadron in which the interaction between ‘quarks’ is caused by
a Proca gluon field.
V. ANGULAR MOMENTUM OF FLUX TUBES IN THE PROCA PROTON
Proca proton is an imaginary particle in which a SU(3) gauge field is replaced by a SU(3) Proca field. Analogously
to an ordinary proton, we assume that there is a tube between ‘quarks’ filled with the Proca field, which we have
considered in Secs. IVA and IVB.
Consider a flux tube connecting two ‘quarks’ (or ‘quark’ and ‘antiquark’) in the Proca proton. We will model such
a finite-size tube by cutting it from one of infinite tubes obtained in Sec. IVA or in Sec. IVB.
10
In each tube, there is the following linear momentum density (for clarity, in this section we resurrect c and ~ in the
equations):
P i = 2π
c
∞∫
0
ρ
ǫijk√
γ
EajH
a
kdρ,
and this momentum is directed along the axis of each tube.
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FIG. 9: The schematic sketch of the Proca proton and tubes with the momentum densities whose directions are shown by the
arrows.
The schematic sketch of the ‘quarks’, tubes, and directions of momenta is shown in Fig. 9. It is evident that in this
case there is an angular momentum caused by the presence of the flux of the non-Abelian Proca field. Let us estimate
this angular momentum as follows. Each tube has a momentum Π = Pzltb, where Pz is the linear momentum density
directed along the tube of the length ltb, and it is calculated either using the formula (25) for the tube with classical
energy flux/momentum density and a quantum flux of the longitudinal electric field or using the formula (33) for the
tube with a classical flux of the longitudinal electric field and quantum energy flux/momentum density.
Let us consider the first case. Then the total angular momentum of the non-Abelian Proca field contained in the
tubes can be estimated as
Lg = 3Πr0 = 3Pzltbr0 = 6π ltbr0φ
2(0)
cg′2
∞∫
0
x
(
f˜ ′v˜′ +
1
4
f˜ v˜w˜2
)
dx = 6π
ltbr0φ
2(0)
cg′2
Π˜ = 12π
l˜tbr˜0
g′2
~
2
Π˜,
where r0 is an estimated value of the distance from the tube to the center of the Proca proton and l˜tb =
ltbφ(0)/
√
~c, r˜0 = r0φ(0)/
√
~c, and g′
2
= ~cg2 are dimensionless quantities.
Thus the fraction of the ~/2 Proca proton spin created by the non-Abelian Proca field contained in the tubes
carrying the momentum is
Lg
~/2
= 12π
l˜tbr˜0
g′2
Π˜ ≈ 7.2 π l˜tbr˜0
g′2
.
Here, we have employed the value Π˜ ≈ 0.6 which has been computed using the solution obtained in Sec. III B and
shown in Fig. 6.
One can estimate the magnitude of Lg/ (~/2) using natural assumptions about the values of the quantities l˜tb
and r˜0. Suppose that, in analogy with quantum chromodynamics, the non-Abelian-Proca-Higgs theory contains the
dimensional parameter ΛnAPH ≈ 1 fm−1. It is therefore natural to assume that φ(0) ≈
√
~cΛnAPH. The length
of the tube and the distance from the tube to the center can be estimated as ltb ≈ r0 ≈ Λ−1nAPH. As in quantum
chromodynamics, let us also introduce the dimensionless coupling constant g′ > 1; then, if one takes, say, g′ = 8.65,
the fraction of the angular momentum created by the Proca gluon field in the Proca proton spin is
Lg
~/2
≈ 30%.
Thus in this section we have shown that the Proca theory permits one to explain how the Proca gluon field
contributes to the Proca proton spin.
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VI. SUMMARY
In the present work we have shown that there exist different types of tubes within non-Abelian Proca theory: (a) the
tubes with the flux of the color electric field between ‘quarks’ located at ±∞; (b) the tubes with nonzero momentum
density directed along the tube; (c) the tubes with the classical flux of the electric field and the quantum momentum
density; (d) the tubes with the classical momentum density and the quantum flux of the electric field.
We have considered an imaginary particle – Proca proton – in which ‘quarks’ are connected by the tubes obtained
here. Using the fact that such tubes may possess a momentum density, we have shown that in this case the angular
momentum created by the tubes contributes to the Proca proton spin.
The results can be summarized as follows:
• We have obtained cylindrically symmetric solutions describing classical tubes possessing either the flux of the
longitudinal electric field or the energy flux and the momentum density.
• At the qualitative level, we have shown that there can exist tubes filled simultaneously both with the flux of the
longitudinal electric field and with the energy flux and the momentum density. But in this case either the flux
of the longitudinal electric field or the energy flux/momentum density must be of a purely quantum nature.
• We have estimated the contribution of the Proca gluon field, contained in the tubes and creating there the
momentum density, to the Proca proton spin.
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